The features of equatorial motion of an extended body in Kerr spacetime are investigated in the framework of the Mathisson-Papapetrou-Dixon model. The body is assumed to stay at quasiequilibrium and respond instantly to external perturbations. Besides the mass, it is completely determined by its spin, the multipolar expansion being truncated at the quadrupole order, with a spin-induced quadrupole tensor. The study of the radial effective potential allows to analytically determine the ISCO shift due to spin and the associated frequency of the last circular orbit.
I. INTRODUCTION
The description of the gravitational interaction between the constituents of a binary system in the general theory of relativity requires taking into due account their internal structure. The orbital dynamics of two bound compact objects is tackled in the literature by a plenty of different methods resorting to various approximation schemes. Analytic approaches include notably the post-Newtonian approximation [1] , possibly implemented using effective field theory techniques [2] , as well as the gravitational self-force corrections to geodesic motion [3] , which can both be combined efficiently by means of the "effective-one-body" approach [4, 5] .
When the mass of one body is much smaller than the other, the problem boils down to studying the dynamics of an extended body in a fixed background field, generated by the heavier mass. In this approximation, a selfconsistent model describing the evolution of both linear and angular momenta for pole-dipole sources was developed by Mathisson [6] , Papapetrou [7, 8] , Pirani [9] , Tulczyjew [10] , and later generalized to bodies endowed with higher multipoles by Dixon [11] [12] [13] [14] [15] . The Mathisson-Papapetrou-Dixon (MPD) model accounts for the motion, on a fixed background, of a point-size test object with internal degrees of freedom, in the absence of significant gravitational back reaction.
The main astrophysical situation for which a full relativistic treatment is needed occurs when the object -assumed to be compact to avoid tidal disruption -experiences the strong field produced by a nearby black hole. In that case, the MPD approach may be used to investigate the evolution of the system, but the parameters of the model must be regarded as effective ones [16] . Although self-force effects are not negligible on larger-than-orbital time scales, they only yield higher-order corrections. On the other hand, combined with dimensional regularization, the MPD model is appropriate to describe the dynamics of (self-gravitating) compact binaries including finite-size effects, in the post-Newtonian framework [17] [18] [19] . It yields results that are dynamically equivalent to those derived from suitable effective actions [20] [21] [22] . The "skeleton" stress-energy tensor encoding the MPD evolution is known at the quadrupolar level [23] . Its octupolar contributions have also been obtained recently [24] assuming an effective, Bailey & Israel type, Lagrangian [25] . Those corresponding explicit expressions have been used to build accurate theoretical templates for the signal of gravitational radiation emitted by those sources [19, 24, 26, 27] , in the context of the data analysis of gravitational-wave observatories, such as the advanced Virgo [28] and LIGO [29] detectors, the future cryogenic interferometer KAGRA [30] or, possibly, the space-based observatory eLISA [31] , a candidate for the future L3 mission of the European Space Agency. Most of post-Newtonian expressions can be checked by comparing them to the test-body counterparts, in the extreme mass-ratio limit.
In this paper we study the dynamics of an extended body endowed with both spin and quadrupole moment in a Kerr spacetime using the MPD model. The motion is assumed to be confined on the equatorial plane, the spin vector of the body being aligned with the axis of rotation of the central object. In previous works, we have discussed the effects on the dynamics of a general quadrupole tensor in both Schwarzschild and Kerr spacetimes [32] [33] [34] . Here, we consider more specifically the case of a spin-induced quadrupole tensor. We assume that the object reaches thermodynamic equilibrium in its proper frame on time scales that are very short compared with the orbital period and neglect the tidal deformations. Its internal state thus depends adiabatically on the mass and the (instantaneous) spin. Using effective field theory arguments, it is then straightforward to check that the body quadrupole is actually quadratic in the spin. This situation was described in details by Steinhoff & Puetzfeld [35] , who developed a very general framework to include quadratic in spin corrections as well as tidal interactions in the MPD scheme, with special attention to the study of the binding energy of the system as obtained from the analysis of the associated effective potential. Later, Hinderer et al. [36] performed an analysis of the corresponding dynamics, in order to compare the periastron advance and precession frequencies with those of a different approach, but restricted themselves to a very special (although physically motivated) choice of the quadrupole tensor, leading to great simplifications in the analytic treatment.
Here, we shall assume the same form of the quadrupole tensor as in Ref. [35] , but neglect quadrupolar tides, i.e., our quadrupole tensor is of the electric-type only and is proportional to the trace-free part of the square of the spin tensor by a constant parameter, whose numerical value is a property of the body under consideration. For neutron stars such a quantity depends on the equation of state [37] , while it is exactly 1 for black holes. We keep it a free parameter of the model that can affect associated observables, like the energy and the angular momentum, which we computed explicitly and compared with the results of Ref. [36] , or the Innermost Stable Circular Orbit (ISCO) and its frequency, discussed here in details. We achieve a fully analytic treatment of the MPD equations in a "perturbative" scheme, obtaining corrections to geodesic motion up to the second order in spin.
Throughout this work we use geometrical units, setting the Newton constant G and the speed of light c to 1. Tensors are represented either in abstract notation or in index notation combined with the Einstein convention, depending on the context. Greek indices refer to spacetime coordinates and vary from 0 to 3, i.e., µ = 0, 1, 2, 3, whereas Latin indices, ranging from 1 to 3, label space coordinates. The notation ∂ µ stands indifferently for the partial derivative with respect to the µth coordinate x µ or for the coordinate basis vector associated to x µ , while d denotes the exterior derivative. The spacetime metric g µν , taken to have signature (−, +, +, +), defines a unique Levi-Civita covariant derivative, ∇ µ and an associated Riemann curvature R µ ναβ , with the convention that
for any vector field v µ . Symmetrization of a tensor T over a set indices is indicated by round brackets enclosing them:
Instead, for index antisymmetrization, square brackets are used:
II. MPD DESCRIPTION OF EXTENDED BODIES
In the quadrupole approximation, the MPD equations read
where
is the total 4-momentum of the body with mass m and direction u µ , S µν is the (antisymmetric) spin tensor, J αβγδ is the quadrupole tensor, and U µ = dz µ /dτ is the timelike unit tangent vector -or 4-velocity -of the body "reference" line, parametrized by the proper time τ (with parametric equations x µ = z µ (τ )), used to make the multipole reduction. In order to ensure that the model is mathematically self-consistent, the reference point in the object should be specified by imposing some additional conditions. Here we shall take the Tulczyjew conditions [10, 11] ,
With this choice, the spin tensor can be fully represented by a spatial vector (with respect to u),
where η(u) αβγ = η µαβγ u µ is the spatial unit volume 3-form (with respect to u) built from the 4-volume form η αβγδ = √ −g ǫ αβγδ , with ǫ αβγδ (ǫ 0123 = 1) being the Levi-Civita alternating symbol and g the determinant of the metric in a generic coordinate grid. Using a fairly standard convention, hereafter we denote the spacetime dual of a tensor S (such that * S αβ = η αβ γδ S γδ /2) by * S, whereas the spatial dual of a spatial tensor S with respect to u is represented by * (u) S. It is also useful to introduce the signed magnitude s of the spin vector, which is not constant in general along the trajectory of the extended body:
The 1 + 3 decomposition of the quadrupole tensor J and its general properties are briefly reviewed in Appendix A. We will consider here the physically relevant case where it is completely determined by the instantaneous spin structure of the body (see, e.g., Refs. [35, 38] ). More specifically, we shall let the quadrupole tensor have the form
with
where C Q is a "polarizability" constant and [S 2 ] STF denotes the trace-free part of S αµ S µ β , i.e., in terms of both the spin vector and the associated spin invariant,
The values of C Q associated with compact objects are given, e.g., in Ref. [39] . The normalization is such that C Q = 1 in the case of a black hole [40] , whereas for neutron stars C Q depends on the equation of state and varies roughly between 4 and 8 [37] . For the spin-induced quadrupole tensor (2.6), the link between P µ and U µ takes a particularly simple form if cubicin-spin corrections are neglected. Indeed, contraction of Eq. (2.2) with P ν shows that, apart from corrections of order J = O(S 2 ), the difference (P · U )P µ − P 2 U µ is precisely P ν DS µν /dτ = −S µν DP ν /dτ , which can be seen to be of order O(S 2 ) from Eq. (2.1). In the end, P µ is approximately proportional to U µ and, as an important consequence, the right-hand side of the precession equation (2.2) is at least quadratic in the spin. As, on the other hand, the right-hand side of the precession equation (2.2) is at least linear in the spin, we conclude that the time differentiation of our kinematical variables actually multiply any combination of them by a factor O(S).
In Ref. [36] , the MPD description of test bodies endowed with a spin-induced quadrupolar structure is used to check the consistency of the computation of the periastron advance for a binary system with the effective-one-body formalism in the extreme mass-ratio limit, including terms that are quadratic in the spin. The quadrupole tensor is assumed there to be that of a black hole and to take the form (2.6) with C Q = 1, so that we must recover the results of Ref. [36] for this particular value.
B. Simplified form of the MPD equations
The MPD equations can be written in a more convenient form at quadratic order in the spin. First, the quadrupolar contribution F µ (quad) in Eq. (2.1) splits into a parallel and a perpendicular part with respect to the direction U µ :
Next, neglecting remainders that are cubic in the spin, the quadrupole J αβγδ and the velocity U µ in the last term may be moved under the operator D/dτ , since their covariant time differentiation would actually produce terms smaller than the original ones by a factor O(S), as explained in the previous subsection. The equations of motion then become:
where we have posed
Thus, defining a modified linear momentum 
we multiply the equations of motion (2.12a) by
, we see that, at our accuracy level, the first term on the right-hand side vanishes by virtue of the Riemann-tensor symmetries whereas the second one is zero due to the contraction of U µ with [P (U )]
µν . We conclude that the effective mass (
is conserved, modulo cubic spin corrections (see also Appendix B). It may be regarded as the "bare" mass of the extended body, m 0 , at the quadratic order in the spin, so that its mass m to order O(S 2 ) is given by
Finally, the MPD equations (2.1)-(2.3) imply that the unit vectors U and u are related by
C. Conserved quantities
In stationary and axisymmetric spacetimes endowed with Killing symmetries, the energy E and the total angular momentum J are conserved quantities along the motion, associated with the timelike Killing vector ξ = ∂ t and the azimuthal Killing vector η = ∂ φ , respectively. They are given by
where 16) are the Papapetrou fields associated with the Killing vectors. Note that E and J as defined above are conserved to all multipole orders in spite of the higher multipolar structure of the body, which is entirely encoded in P [41] . The conserved quantities (2.15) for a purely dipolar particle in a Kerr spacetime have been computed, e.g., in Refs. [42, 43] . The expressions given there are general enough to account for all higher-order spin corrections but those coming from the spin-induced multipole moments (i.e., are exact when the quadrupole and higher multipole moments vanish). This means in practice that our results should reduce to those of Refs. [42, 43] for C Q = 0.
III. MOTION IN A KERR SPACETIME
The Kerr metric in standard Boyer-Lindquist coordinates (t, r, θ, φ) reads
with ∆ = r 2 −2M r +a 2 and Σ = r 2 +a 2 cos 2 θ. Here, a ≥ 0 and M ≥ a denote the specific angular momentum and the total mass of the spacetime solution, respectively. The event and inner horizons are located at r ± = M ± √ M 2 − a 2 . Let us introduce the zero angular-momentum observer (ZAMO) family of fiducial observers, with 4-velocity
orthogonal to the hypersurfaces of constant t, where N = (−g tt ) −1/2 and N φ = g tφ /g φφ are the lapse and shift functions, respectively. A suitable spatial orthonormal frame adapted to ZAMOs is given by
with dual
The ZAMOs are subject to the acceleration a(n) = ∇ n n. They are locally non-rotating, in the sense that their vorticity vector ω(n) α vanishes due to their surface-orthogonal character, but they have a nonzero trace-free expansion tensor θ(n) αβ ≡ P (n)
; the latter, in turn, can be completely described by an expansion vector
where ⊗ represents the tensor product. The nonzero ZAMO kinematical quantities (i.e., acceleration and expansion) all belong to the r-θ 2-plane of the tangent space [44] [45] [46] [47] , with
It is also useful to introduce the curvature vectors associated with the diagonal metric coefficients,
We shall use the notation κ(φ, n)r ≡ k (Lie) for the Lie relative curvature [45, 46] , largely adopted in the literature, and limit our analysis to the equatorial plane (θ = π/2) of the Kerr solution, where
and ∆ = N 2 g φφ . The ZAMO kinematical quantities as well as the nonvanishing frame components of the Riemann tensor are listed in Appendix C.
Let us now consider a test body rotating in the equatorial plane around the central source. Its 4-velocity U may be written in terms of the velocity ν(U, n) = νrer + νφeφ relative to the ZAMOs, with associated Lorentz factor γ(U, n), as
The parametric equations of the orbit are solutions of the evolution equations U = dx α /dτ , i.e.,
where the abbreviated notation γ(U, n) ≡ γ and νâ ≡ ν(U, n)â has been used. For equatorial orbits, a convenient parametrization can be r itself instead of the proper time τ . A case of particular importance is that of uniform, circular equatorial motion. The unit tangent vector, U , may then be parametrized either by the (constant) angular velocity with respect to infinity ζ or equivalently by the (constant) linear velocity ν with respect to the ZAMOs, i.e.,
The parametric equations of the orbit reduce to
where Ω = Γζ is the proper time orbital angular velocity. For timelike circular geodesics on the equatorial plane, the expressions of the angular and linear velocities do depend on whether the orbits are co-rotating (+) or counter-rotating (−). They read
respectively, with ζ K = M/r 3 denoting the Keplerian angular velocity for a non-spinning, Schwarzschild black hole. The Lorentz factor of the corresponding 4-velocity U ± is found to be
In the static case, we can actually use the Schwarzschild values ζ ± → ±ζ K and ν ± → ±ν K , with
It is convenient [see Eq. (4.21)] to introduce a spacelike unit vectorŪ ± that is orthogonal to U ± within the Killing 2-plane, by definingŪ in terms of the parametersΓ
where Ω ± = Γ ± ζ ± and where the ± signs correlate with those of U ± . Note thatζ ± =Ẽ ± /L ± is the ratio between the energyẼ ± and the azimuthal angular momentumL ± per unit mass of the particle. Those two quantities are expressed asẼ
A. Orbit of the extended body
In order to describe the motion of the extended body according to the MPD model, we need both the timelike unit vector U tangent to the center world line and the unit timelike vector u aligned with the 4-momentum. In the following, we shall assume that the world line of the extended body is confined onto the equatorial plane, so that the 4-velocity U is given by Eq. (3.9), with ν(U, n) ≡ νν ≡ νrer + νφeφ = ν(cos αer + sin αeφ) , (3.19) where ν and α ∈ [0,
are the signed magnitude of the spatial velocity and its polar angle, measured clockwise from the positive φ direction in the r-φ tangent plane, respectively, whileν ≡ν(U, n) is the associated unit vector; hence, ν has positive/negative values for co/counter-rotating azimuthal motion (α = π/2) and outward/inward radial motion (α = 0) with respect to the ZAMOs, respectively.
A similar decomposition holds for the (body) 4-momentum P = mu, in the case of equatorial orbits:
]. An orthonormal frame adapted to u ≡ e 0 can then be built by introducing the spatial triad:
The dual frame of {e α } will be referred to as {ω α }, with ω 0 = −u ♭ , u ♭ being the covariant dual of u. The projection of the spin vector into the local rest space of u defines the spin vector S(u) (hereafter simply denoted by S, for short). In the frame (3.22), the spin S decomposes as
B. Setting the body's spin and quadrupole in the aligned case
In the following, we shall consider the special case where the spin vector is aligned with the spacetime rotation axis, i.e., S = se 3 .
(3. 24) This entails that the spin and quadrupole terms entering the right-hand sides of Eqs. (2.1) and (2.2) decompose, with respect to the frame adapted to u, as 25) and 27) respectively. The explicit expressions for the above components are listed in Appendix D.
IV. SOLVING THE MPD EQUATIONS FOR NON-PRECESSING EQUATORIAL ORBITS
A. Complete set of evolution equations
Under the assumptions of equatorial motion and aligned spins discussed in the previous section the whole set of MPD equations (2.1)-(2.3) reduces to
together with the compatibility conditions
which come from the spin evolution equations and yield two algebraic relations for ν and α. The last equation (4.1) implies that the signed spin magnitude s is a constant of motion. Finally, Eqs. (4.1) must be coupled with the decomposition (3.9) and (3.19) of U = dx α /dτ to provide the remaining unknowns t, r and φ [see also Eqs. (3.10)]. Eqs. (4.1) and (3.10) are written in a form that is suitable for the numerical integration. Additional (non-independent) relations are obtained from the conservation (2.15) of the total energy and angular momentum,
These can be used as a consistency check. Examples of numerically-integrated orbits are discussed in Refs. [33, 34] . We are interested here in studying the general features of equatorial motion to second order in spin, taking advantage of the simplified form of the MPD equations discussed in Section II B. We shall also derive analytic solutions for the orbits to that order by computing the corrections, produced by a non-zero spin, to a reference circular geodesic motion.
B. Solution to the order O(S 2 )
Let us introduce the dimensionless spin parameterŝ
where m 0 denotes the "bare" mass of the body. We shall systematically neglect terms that are of orders higher than the second inŝ, hereafter. Hence, all quantities must be understood as being evaluated up to the order O(ŝ 2 ). Our set of equations can then be simplified by means of Eqs. (2.13) and (2.14), which yield
and
respectively. Here, Err, Eθθ are components of the electric part of the Riemann tensor, while Hrθ is a component of its magnetic part (see Appendix C). Eqs. (4.6) show that the value of the polarizability for black holes, namely C Q = 1, is a very special case leading to a great simplification (see below).
On the other hand, solving Eqs. (4.3) algebraically for ν u and α u leads to
Those identities can be used next at the lowest order in the previous equations so as to express m, ν and α in terms of E and J. In particular, the solution for the body mass is found to be
Its behavior as a function of the radial coordinate is shown in Fig. 1 for selected values of the parameters. It is interesting to evaluate the difference between the limiting values at the horizon and at infinity, |m(+∞) − m(r + )| = s 2 m 2 (r + ), since this represents the largest mass variation during the evolution. It can be verified that the solution (4.6) for U is equivalently obtained from the compatibility conditions (4.2). Furthermore, the truncated equation (4.1) for the mass reads In this subsection, we restrict ourselves to circular orbits, as described by the parametrizations (3.11)-(3.13). For circular motion in the equatorial plane, we must set α = π/2, so that Eqs. (4.6) become 12) to second order inŝ. Thus, F 0 (quad) = 0 from its expression (4.10), and Eq. (4.9) tells us that the mass of the body is a constant of motion to that order. However, it differs from the bare mass m 0 by virtue of the general definition (4.5), which yields 13) once evaluated at α u = π/2, with ν u replaced by ν ± to the lowest order. Next, solving algebraically the second equation (4.1) for ν u we find 14) where ν ± denote the geodesic linear velocities (3.14), while ν u(1) and ν u(2) are the spin-induced corrections
of first and second orders, respectively, with (see also Eq. (E5))
Substituting the above solutions for ν u and α u into Eq. (4.3) we obtain
The behavior of the energy E versus the angular momentum J in the case of co-rotating orbits is shown in Fig. 2 for selected values of the parameters. Finally, the 4-velocity U is given by Eq. (3.11), with normalization factor 18) and angular velocity
The relation between the timelike unit tangent vector U to the body center world line and the unit timelike vector u aligned with the 4-momentum thus reads
the unit vectorŪ ± being already defined in Eq. (3.16). Hence, in general, U and P are not aligned unless C Q = 1, as discussed below.
Weak field limit
Let us study now the weak field limit of the above analysis. For convenience, we introduce the dimensionless quantities u 0 = M/r 0 andâ = a/M . We may consider only the case of co-rotating orbits, the counter-rotating case simply following from the replacementâ → −â. Every quantity is expanded up to a certain power of u 0 as follows 22) where terms of orders higher than the second in the background rotation parameter, as well as terms likeâŝ 2 and a 2ŝ , are neglected. The weak field expansion of the conserved energy and angular momentum (4.17) are then found to be 24) respectively. In order to derive gauge invariant expressions, we express E and J in terms of the gauge-invariant dimensionless variable y = (M ζ) 2/3 , related to u 0 by 
Comparison with Ref. [36] Before investigating the general equatorial motion, let us show how the above analysis allows us to reproduce the results of Ref. [36] . As already stated, our quadrupole tensor reduces to the one adopted there to describe black holes if we set C Q = 1. Since we have then ν = ν u + O(ŝ 3 ) from Eq. (4.12) [see also Eq. (4.21)], this entails P ∝ U + O(ŝ 3 ). In order to write our expressions for the energy and angular momentum in the same form as in Ref. [36] , we eliminate the dependence on the radial coordinate in favor of the angular velocity by inverting perturbatively Eq. (4.19): D. General equatorial motion
Effective potential
In order to discuss the general features of equatorial motion it is most useful to introduce appropriate effective potentials [48, 49] . The latter naturally arise when factoring the expression of (dr/dτ ) 2 as a polynomial in the energy E of the test object. This factorisation takes the form dr dτ
where the solutions for ν and α in terms of the conserved energy and angular momentum are given by Eqs. (4.6)-(4.7). More precisely, we find
(4.32)
If E and J are kept fixed asŝ goes to zero, the leading order approximation of P(E) is obtained by setting exactlŷ s = 0 in Eq. (4.30), which shows that P(E) is necessarily positive in the domain of validity of the small spin expansion.
The solutions E = V (±) are generalizations of the radial effective potentials for a test particle in a Kerr spacetime to the case of an extended body with spin-induced quadrupole moment. Their behavior as a function of the radial distance is shown in Fig. 3 for selected values of the parameters. The upper/lower branch corresponds to the +/− sign in Eq. (4.32).
On the other hand, since the equation (dr/dτ ) 2 = 0 is quartic in E, in order to give a complete account of effective potentials we should also consider the solutions to the equation P(E) = 0, or equivalently,
If C Q < 2, no real solutions for the energy exist. If C Q = 2, then P(E) = 1, irrespective of E and J. If C Q > 2 (so excluding the black hole case C Q = 1), the above equation admits two real solutions E = W (±) , perturbatively inŝ, only if E scales as 1/ŝ, with
Note that the solutions W (±) diverge in both limitsâ → 0 andŝ → 0 for fixed values of the radial distance. Furthermore, for fixed values of the dimensionless spin parameters, they indefinitely grow for large r, exhibiting a monotonic behavior W (±) ∼ ±(r/M ) 5/2 , so that there cannot exist circular orbits associated with them. In the following, we shall actually exclude the configurations for which E = O(1/ŝ) and ignore both potentials W (±) .
Circular orbits and ISCO
Circular orbits correspond to the extremal points of V (+) and solving for J the resulting equation, V ′ (+) = 0, provides the associated angular momentum. Now, as pointed out by Le Tiec et al. [50] , the shift of the ISCO frequency due to the peturbation induced to the spacetime background metric by the particle itself is an important strong-field benchmark. Gravitational self-force theory has provided very accurate analytic predictions for it in the case of a spinless body in motion along a circular geodesic on a Schwarzschild background, at the first order in the symmetric mass ratio of the two objects. In the present situation, because of its spinning and quadrupolar structure, the body deviates from geodesic motion in the way described by the MPD model. As a result, the last stable circular orbit undergoes a shift in the frequency, made of terms proportional to the spin as well as the quadrupole. Measuring this effect can therefore provide relevant information on the structure of the body. Conversely, having information about the spin and quadrupolar structure of the body allows one to make predictions on the frequency of circular motion and its deviation from the corresponding geodesic value.
Stability requires that V ′′ (+) ≤ 0. For a spinless object the latter condition boils down to
The equality can be analytically solved for the radius r ms of the marginally stable orbit (or ISCO) [51] : 36) where the upper/lower sign refers to co/counter-rotating orbits, with
The latter quantities are even functions ofâ satisfying Z 2 ≥ Z 1 , Z 1 ≤ 3 and, forâ = 0, Z 1 = 3 = Z 2 . For small values ofâ, the Kerr ISCO radius may be expanded as
We recover the value r Kerr ms = 6M in the Schwarzschild case (â = 0). For a spinning particle the ISCO is modified as follows: where
Of course, both the first and second order corrections to the ISCO can also be straightforwardly computed in the strong field regime. However, the corresponding expressions are quite long, so we prefer not to explicitly write them down. For instance, in the co-rotating case, forâ = 0.5, we find r Fig. 4 .
The ISCO frequency of a spinning test object is then computed to be 41) leading to a fractional correction with respect to the spinless case 42) whereas the energy and angular momentum at the ISCO read
The behavior of the ISCO frequency as a function of the spin parameterŝ is shown in Fig. 5 for two typical values of C Q , i.e., C Q = 1 (black hole) and C Q = 6 (neutron star). The corresponding curve is in general a parabola, which is concave up or down depending on whether the sign of the coefficient ofŝ 2 is positive or negative. For instance, for the chosen values of the rotation parameterâ = [0, 0.5, 0.9], the change of concavity (from up to down) occurs at C Q ≈ [1.516, 1.487, 1.455], respectively. Finally, Fig. 6 shows the behavior of the fractional correction to the ISCO frequency as a function of the spin parameter. Furthermore, restrictingŝ to a given range of values yields the uncertainty associated with the ISCO position, angular velocity and shift. As an example, we list the three latter quantities below in Table I 
Quasi-circular orbits
Let us finally construct the quadratic-in-spin solution to the MPD equations corresponding to a quasi-circular orbit, in the perturbative sense. The initial conditions are chosen so that the world line of the extended body has the same starting point as the reference circular geodesic at radius r = r 0 for vanishing spin. We also require that the two world lines are initially tangent.
The orbit can be parametrized in a Keplerian-like form as follows [52, 53] 2π
where a r is some "semimajor axis", e t , e r and e φ are three different "eccentricities", which would coincide in the Newtonian theory, while P and Φ denote the periods of t and φ motions, respectively (with an abuse of notation for P , not to be confused with the body's 4-momentum). The quantities ℓ t , ℓ r and ℓ φ are functions of the proper time parameter τ on the orbit. They are conveniently expressed in terms of the dimensionless variable ℓ = Ω (ep) τ , where
denotes the well-known epicyclic frequency governing the radial perturbations of circular geodesics. The quantities ℓ t , ℓ r , ℓ φ and ℓ play the role of eccentric anomalies. Note that, for geodesics, the above quantities reduce to a r = r 0 , e t = e r = e φ = 0, P = 2πΓ ± , Φ = 2πΩ ± and ℓ t = ℓ r = ℓ φ = ℓ. For non-vanishing spin parameterŝ, the semimajor axis and the eccentricities for the orbit of the extended body turn out to be 
47)
respectively. As for the periods of t and φ motions, they may be written as
There remains to display the three eccentric anomaly parameters, ℓ t , ℓ r and ℓ φ , as functions of ℓ:
The various coefficients entering the above formulas are listed in Appendix E. Notice that the parametrization (4.44) of the orbit is different from the quasi-Keplerian one, used in Refs. [52, 53] , due to the presence of different parameters representing the t, r and φ motions instead of a single eccentric anomaly. The two forms agree to first order in spin only, as shown in Ref. [33] . At this stage, we can derive explicit expressions for the conserved energy and angular momentum (2.15): 53) for the co-rotating case. We list below the orbital elements (4.46)-(4.48) expressed in terms of the gauge invariant quantities E and J, related by
At last, the periods of t and φ motions are given by
We have investigated finite-size effects on the motion of extended test bodies, in the equatorial plane of a Kerr spacetime, within the framework of the Mathisson-Papapetrou-Dixon model up to the quadrupolar order. In general, the quadrupole tensor shares the same symmetries as the Riemann tensor and is completely specified by two symmetric, trace-free spatial tensors, i.e., the mass quadrupole (electric) and the current quadrupole (magnetic) tensors, whose role has been investigated in previous works [33, 34] . Here we have considered the rotational deformation induced by a quadrupole tensor of the electric-type only, taken to be proportional to the trace-free part of the square of the spin tensor, with a constant proportionality parameter which may be regarded as the polarizability of the object. This allows us to treat on an equal footing the cases of black holes and neutron stars, so generalizing previous works.
The general features of equatorial motion have been discussed through the analysis of the associated radial effective potentials. We have obtained their generalization from the well-known case of a co/counter-rotating test monopole particle in a Kerr spacetime to that of an extended test body with spin-induced quadrupole moment. We have also evaluated the correction to the ISCO due to spin and the corresponding frequency, which is an important observable in gravitational-wave astronomy. The presence of spin corrections introduce an uncertainty on the values of the corresponding quantities for structureless particles. On the other hand, those features can be used to determine whether the small object is endowed with a spin, by performing an adequate parameter estimation in the context of gravitational-wave detection.
The dynamics of the system have been studied not only qualitatively, but also quantitatively. In fact, neglecting terms in the MPD equations that are of third order in spin or higher allowed us to solve the problem in a full analytic way. Initial conditions have been chosen so that the tangent vector to the orbit of the extended body be initially tangent to the 4-velocity of a timelike spatially circular geodesic, taken as the reference trajectory. We have obtained the "perturbative" solution to second order in spin in the following two cases: (i) when the trajectory of the extended body remains circular with spin-dependent frequency, (ii) when it deviates from circular motion because of the combined effects of both the spin-curvature and quadrupole-curvature couplings (i.e., when the orbit is "quasicircular"). The tangent vector to the orbit and the unit timelike vector aligned with the 4-momentum are in general distinct. However, there exists a special value of the polarizability constant, which corresponds to the black hole case, such that they are aligned not only initially, but all along the (circular) trajectory of the extended body. This is no longer true for neutron stars, an interesting fact which seems to have never been pointed out before. For quasi-circular orbits, we have explicitly written down the solution in a Keplerian-like form, by introducing the temporal, radial and azimuthal eccentricities of the orbit, as well as the associated periods and frequencies. We have also computed the spin-induced shift of the conserved energy and angular momentum, in a gauge-invariant way. All orbital elements have been expanded in the weak field and slow motion limit, in a more suitable form to be compared with the existing post-Newtonian literature. Let us consider an orthonormal frame adapted to an observer family characterized by the 4-velocity u (with normalization u · u = −1), say e 0 = u and {e a }, a = 1, 2, 3, a triad of three unit spatial vectors orthogonal to u. We shall introduce the compact notation X αβ... u α = X uβ... for tensor contraction. In addition, we shall denote by * X ρσ... = 1 2 η αβ ρσ X αβ... and X * ...µν = 1 2 X ...γδ η γδ µν the left and right dual of a tensor, respectively. The standard 1 + 3 decomposition of the Riemann tensor in terms of its electric (spatial and symmetric) part E(u), its magnetic (spatial and tracefree) part H(u), and its mixed (spatial and symmetric) part F (u), defined by
respectively, leads to the identification of the 20 original independent components: 6 in E(u), 8 in H(u) and 6 in F (u). Similarly, since the algebraic symmetries of the quadrupole J αβγδ are the same as for R αβγδ , one can decompose the former quantity in terms of the associated tensors
In so doing we identify its electric (spatial and symmetric) part Q(u), with 6 independent components, its magnetic (spatial and tracefree) part W(u), with 8 independent components, and its mixed (spatial and symmetric) part M(u), with 6 independent components. However, J enters the MPD dynamics only in certain combinations, through specific contractions with the Riemann tensor or its derivative. Hence, the number of effective components needed is reduced by half, as shown in detail in Refs. [32, 33] . The proof requires the replacement of the mixed part M(u) by a new tensor X (u) (with the same symmetries), according to
as well as the decomposition of both X (u) and W(u) in terms of their STF and pure-trace parts,
where [P (u)] 
with η(u) αβγ = u µ η µαβγ defining the space 3-volume form (see section II). Summarizing, in basis components, we can write 
For convenience, we actually use the notation:
Appendix B: 1 + 3 decomposition of the MPD equations
It is useful to perform a 1 + 3 splitting with respect to U of the MPD equations (2.1)-(2.2). A key observation is that the force term on the right-hand side of the first equation (2.1) is not spatial for the comoving observer with 4-velocity U , since F (spin) · U = 0 whereas F (quad) · U = 0. Recalling that the operator P (U ) α β = δ α β + U α U β represents a projector perpendicularly to U , we see that
where the force
is orthogonal to U and the mass correction m J has been defined in Eq. (2.13). In a second stage, we get from Eq. (B1)
or, equivalently,
which follows from projecting Eq. (B3) along U and perpendicularly to U . 
The Schwarzschild limit
We list below the corresponding expressions of both spin and quadrupole terms in the limit of vanishing Kerr spin parameter.
The spin force (3.25) becomes 
whereas the spin quantity D (spin) is still given by Eq. (3.26) with components (D3). The quadrupole force (3.25) reduces to
where γ u [−sgn(ν u )ν u u + e 2 ] represents a unitary and spacelike vector orthogonal to n and 
